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Abstract. Noise play a creative role in the evolution of periodic and complex systems which are essential for
continuous performance of the system. The interaction of noise generated within one component of a chaotic
system with other component in a linear or nonlinear interaction is crucial for system performance and stability.
These types of noise are inherent, natural and insidious. This study investigates the effect of state-dependent
noise on the bifurcation of two chaotic systems. Circuit realization of the systems were implemented. Numerical
simulations were carried out to investigate the influence of state dependent noise on the bifurcation structure of the
Chen and Arneodo-Coullet fractional order chaotic systems. Results obtained showed that state dependent noise
inhibit the period doubling cascade bifurcation structure of the two systems. These results poses serious challenges
to system reliability of chaotic systems in control design, secure communication and power systems.
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1. Introduction
Fractional order models are best suited to capture the
memory effects in mathematical models [1]. The lack
of appropriate methods of solution has made fractional
order systems unattractive to scientists. However, in re-
cent times, adequate mathematical representation and
solutions has created a resurgence and renewed inter-
est in the subject of fractional order. The order of frac-
tional derivative is an index of memory [2] and as stable
as their integer order counterpart [3]. Due to their rele-
vance, fractional order models have been considered in
finance [4], psychology [5] and electronic systems [6].
Noise is ubiquitous and inherent in nature. The role
of noise in a system depends on how it was introduced
and intended function of the system. Noise is desirable
in some systems while it is unwanted in others. The
threshold of chaos can be increased or reduced through
noise perturbations [7] and synchronization of chaotic
oscillators with noise [8]. Chaos suppression due to
noise has been reported in the Duffing oscillator [9] ,
parametrically driven Lorenz system [10], Belousov-
Zhabotinsky reaction [11] and logistic map [12]. Den-
nis et al [13] suggests that noise cannot induce chaos.
However, the introduction of noise has also been found
to enhance synchronization of chaotic systems [14, 15]
and induce chaos in systems [16, 17, 18]. Gao [19]
showed that noise can induced chaos when the noise
level is within a narrow range. It has been posited that
real life neurons are robust to noise [20].
The role of different types of noise has been investi-
gated on integer and discrete chaotic systems. There is
the need to understand the dynamic influence of noise
on the memory effect of fractional order chaotic sys-
tems. Since memory is an intrinsic property of a sys-
tem, it is intuitive to understudy the interaction of noise
generated within the system states and the system it-
self. The aim of this study is to investigate the impact
of state-dependent noise in a class of fractional order
chaotic systems.
2. Methodology
2.1 Fractional order derivatives
Fractional derivatives has been defined in different ways
[21]. One of the most common is Riemann-Liouville,
which can be denoted as:
dα f (t)
dtα
=
1
Γ(n − α)
dn
dtn
∫ t
0
f (t)
(t − τ)α−n+1
dτ (1)
#### Page 2 of 6 Pramana–J. Phys. (2016) 123: ####
In equation 1, Γ(.) is the gamma function, where n−1 <
α < n and n is an integer. The laplace transform of
equation 1 can be written as
L{
dα f (t)
dtα
} = sqL{ f (t)} −
n−1∑
k=0
sk{
dα−1−k f (t)
dtα−1−k
}t=0 (2)
If the initial conditions are zero for equation 2, it im-
plies the Riemann-Liouville fractional derivative is
L{
dα f (t
dtα
} = sqL{ f (t)} (3)
However, the transfer function F(s) for the fractional
integral operator of order α can therefore be expressed
as F(s) = 1
sq
in the frequency domain.With approxima-
tion approach, the errors of 2 dB have been deduce for
fractional integral operator 1
sα
[22].
2.2 State dependent noise
We define a state-dependent noise as feedback noise
arising from one or more components of the system.
Consider a system defined as f (x, y, z). If a fraction
of the output y is made to interfere with the input x, a
state-dependent noise has been introduced. This state-
dependent noise can be a linear or nonlinear function of
the state variables. Box and Muller [23] proposed that
using Equation 4, two random number streams (U1 and
U2) can be used to generate standard random numbers.
In this study, we consider two systems f (x, y, z) where
the state z is perturbed with feedback noise which is a
nonlinear function of x = U1 and y = U2 states.
ξ(U1,U2) = d
(√
(−2 logU1) cos 2piU2
)
(4)
where d is the noise strength. If the states of the sys-
tem are independently chaotic, the noise ξ(x, y) can be
regarded as a chaotic noise. The statistical properties
of ξ(U1,U2) are shown in Table 1 and the time series in
Figure 1.
2.3 Systems
The Chen [24] and Arneodo-Coullet [25] chaotic sys-
tems were considered in this study. The integer order
Chen system is defined as
x˙ = a(y − x)
y˙ = (c − a)x − xz + cy
z˙ = (xy − bz)
(5)
This system has been shown to be chaotic when a =
35, b = 3, and c = 28. Chen system is related to but
not topological equivalent to either the Lorenz [26] or
Rossler [27] chaotic systems.
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Figure 1. State dependent noise for (top figure) the Chen system
with system parameters (a, b, c) = (40, 3, 28) using fractional or-
der 0.9 (bottom figure) the Arneodo-Coullet system with parameters
(e, f ) = (65.0) using fractional order 0.9
.
The Arneodo-Coullet chaotic system is defined as
x˙ = y
y˙ = z
z˙ = ex − f y − z − x3
(6)
The fractional order form of the Chen and Arneodo-
Coullet systemswith continuous time, state-space noise
(Section 2.2) are given in Equations 7 and 8 respec-
tively.
dαx
dtα
= a(y − x)
dαy
dtα
= (c − a)x − xz + cy
dαy
dtα
= (xy − bz) + ξ(x, y)
(7)
dαx
dtα
= y
dαy
dtα
= z
dαz
dtα
= ex − f y − z − x3 + ξ(x, y)
(8)
The constants are given as a = 35, b = 3, c = 28,
e = 5.5 and f = 5.0 for the two systems. The circuit
realization and phase space for the two fractional order
systems are shown in Appendix A.
3. Results and Discussion
Numerical simulations of systems (7) and (8) using dif-
ferent fractional order, α and noise level were imple-
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Table 1. Statistical properties of state-dependent noise considered.
Chen System Arneodo-Coullet System
U1 U2 ξ(U1,U2) U1 U2 ξ(U1,U2)
Mean 0.8683 0.8808 -0.0042 1.8461 0.0809 0.0051
Median 1.6761 1.8132 0.3603 1.9403 0.3346 0.3774
STD 7.6955 8.3352 1.6158 0.8544 1.7650 0.9030
Skewness -0.1833 -0.1776 0.0524 -0.3723 -0.4250 0.1719
mented. Using fractional orders of 0.8 (Figure 2) and
0.97 (Figure 3), the 3D phase space were found to ex-
perience distortion. With a fractional order of 0.97,
the bifurcation diagram of Chen system was found to
undergo significant changes. Without the influence of
state-dependent noise, the system is chaotic in the re-
gion 36 < a < 42.5, however, the introduction of state-
dependent noise with intensity d = 1.0, this regime
was found in the range 34 < a < 44. The periodic
regime (42.5 < a < 45) and chaotic regime (45 < a <
49) were not observed when state dependent noise was
introduced into the system. Similar distortions were
found in the phase space (Figure 3) and bifurcation (Fig-
ure 5) diagram of the Arneodo-Colluet systems. In the
bifurcation diagram of the Arneodo-Colluet system, the
period doubling route to chaos was preserved but dis-
torted. The introduction of of state-dependent noise
was found to suppress chaos in the two systems con-
sidered. For increased values of d, it is expected that
the chaotic state of the system will be destroyed. The
inhibition of the period doubling cascade by noise has
also been reported in [19].
4. Conclusion
In this work, we have considered the effect of state de-
pendent noise on the Chen andArneodo-Coullet chaotic
systems. The noise considered are dependent on feed-
back from other states of the system as against coloured
noise. Hence, they can be regarded as intrinsic noise.
The overall effect of state-dependent noise on the sys-
tem studied is the suppression of chaos. Thus, this ap-
proach will prove useful in the understanding of nonlin-
earity in systems susceptible to interference from other
states of the system. The noise proposed in this study
can be used as a convenient way to control chaos in a
system using the system variables.
Appendix A. Circuit diagrams and simulation
The circuit representation and resultant phase space are
shown here. The analog implementation of the two pro-
posed systems can likewise be generated with possibil-
ity of injecting Pseudo-random noise generator. The
electronic circuits consists of chain fractance (combined
capacitor and resistors), operational amplifiers (TL081CD),
multipliers (As), resistors and capacitors with power
supply unit. Figure 6 display the analog circuit real-
ization of chaotic Chen and Arneodo-Coullet system as
well as the phase space representation.
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Figure 2. 3D Phase space representation of system 7 with fractional order α = 0.8 and noise level, d (a) 0.0; and (b) 1.0
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Figure 4. Bifurcation diagram of the Chen system (Equation 7) with
fractional order α = 0.97 and noise level, d (top) 0.0; and (bottom)
1.0
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Figure 5. Bifurcation diagram of the Arneodo-Colluet system
(Equation 8) with fractional order α = 0.97 and noise level, d (top)
0.0; and (bottom) 0.5
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Figure 6. Circuit diagram and phase space representation for the Chen (Equation 7) and Arneodo-Colluet (Equation 8) systems
.
